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In our currently developing “rational arithmetic programming environment”, large numerators
and denominators of rational numbers are held in dynamically expandable array. The rational
numbers are divided by greatest common divisors (GCD) of their numerator and denominator. In
matrix computation algorithms which are popular in floating-point arithmetic, the GCD calculation
is needed after every four basic arithmetic operation, otherwise an explosion of the number of digits
prevents us to continue computation. On the contrast, however, there are algorithms which do
not need GCD calculation such as continued fraction expansion, in which all fraction numbers are
already reduced. For the GCD calculation, a binary algorithm is, in general, faster than Euclidian
algorithm implemented with division operation. An aim of our programming environment is to
analyze the problems occurred in numerical simulation programs caused by rounding errors of the
floating-point arithmetic. A binary floating-point number is converted exactly to rational number
consisting of denominator with power of two. As far as the computations are performed with
additions, subtractions, and multiplications, the denominators’ power two is kept. The binary GCD
algorithm is much faster than the GCD algorithm with division operations. In this paper, we report
the numerical and performance behavier related to GCD calculations.
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void LDL(rat::matrix<rational>& a, const int n){
rational s,t;
int 1i,j,k;
for (j=1; j < n; ++j) {
for (i=1; i < j; ++i) {
s=0;
for (k=0; k < i; ++k) {
s = s + alk][i] * alk][j];

¥
alil[j] = alil[j] - s;

s=0;

for (k=0; k <= j-1; ++k) {
t = alk][j] / alk][k];
s =s+t * alkl[jl;

alk] [j] = t;

}
aljl 3] = aljl0j] - s;
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int main(void){
rational pi,p,r,X,y;
uint32_t i,n,m;
std::cout << "Enter n" << std::endl;
std::cin >> n;
longint pin("3141592653589793238462643383279502884197169399375105682 I ");
longint pid("100000000000000000000000000000000000000000000000000000 O ") ;
rational pil000(pin,pid);
rat::vector<rational> a(n+1); // rational DO OO
x=pil1000;
p = x.rational::floor();
al0] = p;
#ifdef LGCD1
longint::1gcd_p=longint::1lgcdl;

#endif

m=n;

for(i=1; i<=n; i++){
Y=X-p; // 000
if (y==rational::ZER0){m=i-1;break;}
x = y.invQ); // 00000
p = x.rational::floor(); // x_i O0OO0O00O0O0O0O0O
ali] = p; // 000 a_i 00O

}

r=a[m] ;

for(i=m-1;i>0;i--)r=al[i]+rational::0ONE/r;
pi=al[0]+rational::0ONE/r;

std::cout << "pi="<< pi.format(n+10,n)<< std::endl;
return 1;

}
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271—1—&—m

gboooooobobooooboobobooooooboobobobonD arctcan OOOOO0OOOO
O0000o00o00o00o0oo0oo0oo0oo0oD0o0o0ooo ¥ooooo0o0D0e=10000

™
—O0ooog
4
s 1
i 12 (25)
1+ 2
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Vs

40000 ~O0OODOOO
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gboooboooobon
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b3
by

ap + (26)

a1—|—

CL2+
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b
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a5+"-
00000o00boodp,,=10000000000000
a (25)|:|DDDDDDDDDDDDDaiZQiflﬂbiz(ifl)Q[IDI][I 1=2,---,n0000 by =1
agoood

oooooooood v, OD0OO0DO0O0O0O0 i=n,n—1,---,200000000000000 (2500
2

vs = .0y = 000000 00000000000
9+
(27)
L
T @i D) 4o
0i0n—100200000000004000000000000000000
OD0000 2000000000000
4 4 4 4-19 76
ko = = = = = — =3.16666 - - -
2 N 12 n 12 » 12.5 19+5 24
o — 1t 170
! +22 3+22 3.5+ 22
2Ty 5
03000000000000
4 4 4 4 160
ks = — — — = - —=3.1372549 - - -
3 N 12 N 12 i 12 i 1244 51
a“ T gy 2 gy 27 344128
a2 _ 2T
2 +32 5+32 35 + 32
e 4 O S
3Ty 7
020000 kO 7000000030000 k30 #000000ky=4, ky=300000k 0 4

obooobOo ~O000O000O0OCO0ODOO0 nO0O0ODOOOCODOO0 00000000 SDDDDDD

2
gooooboogno ﬁDDDDDDDDDDDDDDDDDDDDDD

OoooooooooOo..goo0oo ki:&DD i—1nHoooo ki_lzpi_l gooooo 000
qi qi—1

00000000000000000000000000U0OU00O00O0 0000000000000
gbobooboobooooobooooboboooooboooobobobooooboooobOoboo

Proof. DO0OO00UO0 30000 (17)O0OOUOOOOOOO
Pi = @ipi—1 +bipi—2, ¢ = aigi—1 + bigi—2 (28)
0000 20000000000000000000 (18)OOOoooooo
PiGi—1 — pi—1qi = (—1)" " 'bibi_1 -+ by (29)
0000o00ooo0o0ooUoo0ooooUo0D 200000000000

(=1)"tbibi—q - by
qi—19;i

ki —ki 1=
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0000000000000000000000000000000000000000 (22)

oooooooo

(=1)"a;b—1b;—o -+ by
qi—294i

ki — kg = (31)

b, 0000000000000 200000000000000 (23)0D00000 O

1 1 bsboby  (—=1)29-4 1
D@@Di:SDDDDDDD@—%:zg—jp:AfDDDD321:( )94 _ 1 nogpp
24 51 34 4243 24.51 34

obooooobooz2000000b00000b00b00o0oboOon

J000oooooooobo0olb ODOobobOoboOoUObDOobOobobO0OobDObDObObOO0ObDODOrational O
gooooooooGgeboooooooo

int main() {
uint32_t n;
std::cout << "input n=" << std::endl;
std::cin >> n ;
rational p,q,p0,q0,pl,ql,u,v,x;
interval pi;
long long tstartO=gettime();
#ifdef LGCD1
longint::1gcd_p = longint::1gcdl;
#endif
pO=rational::FOUR; qO=rational::0NE;
pl=rational::TEN+rational::TWO; ql=rational::FOUR;
for(uint32_t i=2; i<=n; i++){
xX=1;
p=(rational::TWO*x+rational: :0ONE) *pl+(x*x)*p0;
g=(rational::TWO*x+rational: :ONE)*ql+(x*x)*q0;
pO=pl; q0=ql;
pl=p; ql=q;
}
std::cout << "loop time=" << (double) (gettime()-tstart0)/1000000. << "(sec)" K< std::endl;
// longint::lgcd_p = longint::1lgcd2;
u=p0/q0; v=p1/ql;
if (u<v){
pi=interval(u,v);
Yelsed{
pi=interval(v,u);
3
std::cout << " pi="; formatprn(pi);
return 1;

}

formatprn 000000072 =2000 0000000000000
200000000000
(" N

3.14159265358979323 (1500 digits) 596023648066508830
3.14159265358979323 (1500 digits) 596023648066556961

J
n=200000000000000001000 n=2000000000000000O0000000 1000
OO0O000000 1500 digits O 15281 digits D00 O0OOO0-pLGCD1 DO OOOOOOOODOOOOO
00020000 uw=p0/q0 0 v=p1/q1 000000000000 0O0O0DODODOODODODO formatprn O

Mtormatprn 00 O 0interval 0000 0000000000010000000000000000000000000000
goooooooOoOoO0obooOoO0o0o0O0oOoO0oOoO0OooOoOoO0O0oooao
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00000000Y¥0200000000p0 ¢0O 232000 67700000 135400000000000
4000000020000 0000082 00000 17650000000000000 40140000
OO0O0O00Oo00oooooD formatprn O 10000000000D0CO0OODODOOOGCDOOOO
goo2000000 gGChbOoOoOoOoOoOoOoOooooooo

000000 »nO0000O0O0OO0OO0OO02,00000000000000000000000 (n—-1)00
OO00000 interval DOO0DO0ODOOOO0OODODO:O0n-—200 10000000000
2

On0000 kK, 0000 v, = O000oooooooo (2myuoo

2n+ 1
o= T
(2n_1)+2n+1
(n—1)°

oooooooo (n—1)0000D0000 vy, =—0—————00000000000000 w0 t
2(n—1)+1

gbobooboobooboobobooobo vobobooooooooboobooboooo ibooooo
(n—-2)00 1000000000000000000 (2¢+1)000000 0000000000
z=--- Ov=..-000000000Ointerval 0 rational D00 00000001 00000000
O0000ooO0o0o0ooooooooon PiCfracAtanRint.cpp OO0 00000000000 GCDO
boboobooobooobooooboooobooooobooooooboooooboooooboooooooon
OGcGChbOoOoooooooooooooooon

uint32_t n;
double k;
std::cout << "input n=" << std::endl;
std::cin >> n ;
std::cout << "input k=" << std::endl;
std::cin >> k ; 00000 x OO000O
rational p,q,t,r,s,u,x,xx,tmp;
rational pit,piu;
long long tstartO=gettime();
#ifdef LGCD1
std::cout << "LGCD1 defined. USE lgcdl for lgcd_p" << std::endl;
longint::1gcd_p = longint::1lgcdl;

#endif
p=n*n; q=2%n+1; tmp=2ux(n-1lu)+1lu; t=p+q*tmp; // n~2+(2n+1)*(2n-1)
tmp=(n-1u) * (n-1u) ;
p=q*tmp; q=t; t=p/q; // t = (2n+1)*(n-1)"2 / (n"2+(2n+1)*(2n-1))
r=(n-1u)*(n-1u); s=2u*x(n-1u)+1u; u=r/s; // u = (n-1)"2 / 2(n-1)+1
interval v; // interval 000
if(t >= wA
v=interval(u,t);
Yelsed{
v=interval(t,u);
}
rational vlow=v.lower();
int lastdgts=getdgts(vlow); // set number of digits in lastdgts

for(uint32_t i=n-2; i>0; i--){

X=1; XX=X*X;

interval z=v+(rational::TWO*x+rational::0NE);

interval w=z.inv();

rational vlow=v.lower(); // lower number picked for getdgts();

if ((double)getdgts(vlow)/(double)lastdgts >= k){ // check digits increase
longint::1lgcd_p = longint::1lgcd2;
V=WHkXX
longint::1lgcd_p = longint::1lgcdl;
vlow=v.lower(); lastdgts=getdgts(vlow); // set number of digits in lastdgts

Bformatprn 00000 1gedp=lgedl 0000000000000 0000000000O00OOO0OO
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Yelse{
V=WHkXX

}
¥
std::cout << "loop finish. time=" << (double) (gettime()-tstart0)/1000000.<< "(sec)"<<std::endl;
vlow=v.lower(); rational vup=v.upper();
std::cout << "numdgts lower=" << getdgts(vlow) << " and upper=" << getdgts(vup) << std::endl;
v=v+rational: :0NE;
interval y=v.inv();
longint::lgcd_p = longint::1lgcd2; // FORCE 1gcd2 for *4 operation
y=y*rational::FOUR;
std::cout << " pi="; formatprn(y);

#ifdef LGCD1

std::cout << "LGCD1 defined. USE lgcdl for lgcd_p" << std::endl;
longint::1gcd_p = longint::1lgcdl;

#endif
rational vl=y.lower();
std::cout << " num dgts of pi (after 1lgcd2) =" << getdgts(vl) << std::endl;
std::cout << "total time=" << (double) (gettime()-tstart0)/1000000.0 << "(sec)" << std::endl;
return 1;
}

Oo0o0o0o0oooooo k0ObbOOO0O00000000ooooooo0000nD 1geda200000
vOOOOOOOgetdgts 000000000000 000DODOOO 22 000000000000x0
D000 interval OO0 vOOOODODODOOODOOODOOOO viewdODOOOOOOD lastdgts
oooooooooooooobooooooOooooooo0ooDboO00 kOODODOOOODDbOOO

O0000000 k=180000000000000n=2000000000 k=180000 20000
ood210GCbOOOOOOOOD

bobooobooobod wOO0OO0OO0O0ODOOO-O0OO0O0DOO0O0OO0OOCODOOO0OOOODOOOOOOOOD0
0000000000000 0O00o00o00o0o0o0U0o0O0UODO 30)DUooooooo Pooo

q
0000000000000 PiCfracAtanRintX.cpp OO0 00O

uint32_t i,m;
rational bprod,spint,pint,p,q,p0,q0,p1,ql,u,v,x,xx;
interval pi;
#ifdef BYDIV
rational tempO,temp=rational::0NE;
#endif
std::cout << "input m=" << std::endl;
std::cin >> m;
spint=rational: :0NE;
for(i=1; i<m; i++) spint = spint/rational::TEN;
long long tstartO=gettime();
longint::1gcd_p = longint::1lgcdl;
bprod=rational: :0NE;
pO=rational::FOUR; qO=rational::0NE;
pl=rational::TEN+rational::TWO; gl=rational::FOUR;
i=1;
for(;;){
i++; x=1i; xx=x*X; bprod*=xx;
p=(rational::TWO*x+rational: :0NE)*pl+xx*p0;
g=(rational::TWO*x+rational: :0NE)*ql+xx*q0;
pO=pl; q0=ql; pl=p; ql=q;
#ifdef BYDIV
tempO=temp; temp=p/q;

if (i%2==1){
pint=tempO-temp;
Yelseq{

pint=temp-tempO;

}
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#else
pint=bprod/(q0*ql);
#endif
if (pint < spint) break;
}
std::cout << "loop finish. time=" << (double) (gettime()-tstart0)/1000000.<< "(sec)"<<std::endl;
std::cout << "i=" << i << std::endl;
std::cout << "digits of p=" << getdgts(p) << " digits of g=" << getdgts(q) << std::endl;
#ifdef LGCD1
longint::1gcd_p = longint::1lgcd2;
#endif
u=p0/q0; v=pl/ql;
std::cout << "digits of v=" << getdgts(v) << std::endl;
if (u<v){
pi=interval(u,v);
Yelseq{
pi=interval(v,u);
}

std::cout << " pi="; formatprn(pi);
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oooooOd ¢, 000 p, 000000O0OCOOOOOGCDOODOO P nppoooooooooo
q

O00ooooooooooo (2nooo viDDDDDDDDDDDDEDDDDDDDDDDDDD
ooooooboooo

gobooooobooooboooooooobbooooobooooooooooooooobooboboOoDbo
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00000000000000 f(z)=0000000000000000000000000000
0000000000000000 10000000000 interval 010000000 inclusiond 000
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00000000000000000000020 (a,f(a))0 (b f(b) 000000020000000
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DDDDDDDDDCZWDDadD b, 0200000000c¢c0000 200000000
aqbyg

0000000000000000On fb) - fle)DOODOOUDOOO200000000000000
gcoooooooopoooGeboogooooooooooooooooDpooooooooOooo
oboobooooboooooobooboobooooboooooobooboobooboooon

00 z=2 00000 200000000 y:g—ZDDDD roundrat(x,m) 000000000000
T4

00000000 20000000000000 z=2200002000 kOO0O0OO0OOyOOOD
Ld
go

2k g 2k g
Xq Tq
00000y= (%, %) 000000000 [+ 02000000000000200000000

[x]0 000000000000 20000000

00000000000 (32)0000000 d0000roundrat 000 20000000000000
dDDDZDDQDDDthMDDDDDDDDDDDDDDQDDé%DDDDDDDDDQDDD
k0000000000000000 20000 (e,b) 00 d0000000000000O 200000
000030000000000roundrat00000000000000000000 (d;,d,) 0300
oooooooo (4,d,) 0000000000 2000000000000000004000000
000000000d000000000000 d,d, 0000200000000 20000000
000
000000000002000000000000000000000000d-ae0 b—-d000
00000000000000000000%0(d;,d,) 00000d000 (a,) 0 «a 0000000
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000000 143500000000
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roundrat 0 2'° =1024 0000000000000 000000 100000000100 300 200 100000000
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e ooooooo
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